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Abstract 
The physics of the induction heating is based on coupling of the electromagnetism and heat transfer. The main heat source during 
induction heating is resistive heating caused by eddy currents in the heated specimen. The geometrical position of the inductors 
influences the final surface temperature distribution. There are many technological processes which require uniform surface 
temperature like process of induction hardening. The scope of the article is to show the numerical approach to optimize 
geometrical dimensions of the induction heating process in order to reach uniform surface temperature on heated specimen. 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Induction heating is used in the industry over the past three decades. Due to the rapid heating and good repro-
ducibility are used in applications the heat treatment. In recent years, there has been significant interest in expanding 
the use of induction heating process in different manufacturing process. One of the manufacturing operations which 
require surface heating process with very high performance is induction hardening. Induction hardening is widely 
used in industry to minimize heat treat distortion and obtain favorable compressive residual stresses for improved 
fatigue performance. The heating process during induction hardening has a significant effect on the quality of the 
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heat-treated parts. Numerical modeling of induction heating allows optimization of process variables. The article 
is devoted to the numerical simulation of induction heating, optimization of the surface temperature in order to 
achieve uniform surface temperature important for further manufacturing process. 
2. Two dimensional numerical model of coupled electromagnetic and thermal problem 
An electromagnetic field describes a set of equations known as Maxwell's equations. The Maxwell’s equations 
may be introduced by the following diffusion equation (1) to (8): 
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where Z is the angular frequency, V is the electrical conductivity and i  is the imaginary unit. By the use of finite 
element principles, the equation (1) can be rewritten into the matrix form as follows [1–10]: 
eeee GAWV   )( i , (2) 
where eV  and eW are local matrices corresponding to finite element, eA  is unknown vector of the magnetic vector 
potential of the corresponding finite element and eG  is the vector of the source current density of the corresponding 
finite element. 
The other unknown quantities of the electromagnetic field are obtained using the following expressions 
[11, 5–10, 12]. 
The intensity of the electric field zE : 
zz AE Z i . (3) 
Electric induction zD : 
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where rH  is the relative permittivity and 0H  is the vacuum permittivity. 
Current density zJ : 
zzz AADEJ rzz ij HZHVZ ZV 0 . (5) 
Joule heat AVQ : 
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where zE is transposed and conjugated (change the sign of the imaginary part of the complex numbers, all the 
opposite of) the vector of nodal values of electric field intensity zE . 
By the thermal transient analysis it is possible to solve the system of equations for different time steps, which can 
be written as follows [13–21]: 
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Individual matrices and vectors of this system are defined by the following relations: 
eC , the specific heat matrix defined by: 
NNNNC TTe pp ctSdc U :U ³
:
. (8) 
eK  is the heat conductivity matrix defined by expression: 
*: ³³
*:
dhd NNDBBK TT . (9) 
D is the heat conduction coefficient matrix defined as: 
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where kx and ky are heat conduction coefficients for each direction. N  is the matrix of shape functions and B  is the 
matrix of their derivations. In the above mentioned integrals, the :  represents the volume of the finite element and 
the *  represents the boundary of the finite element. The first integral of the heat conductivity matrix (9) 
characterizes heat conduction and the second integral characterizes heat convection. 
The vector of the right side is defined by: 
**: ³³³
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where the first integral is characterized by a heat source in the volume, the second integral is characterized by heat 
flux through the surface area and third integral is characterized by convection through the surface area [13, 17]. 
Transient thermal analysis given by a system of equations (7) can be then rewritten as follows: 
nn1n fTKCCT tt ''  )( . (12) 
The solution of the system of equations (12) in the time step „n“ is the nodal temperature in the time step „n+1“. 
The system of equations (12) is Euler's explicit time integration solutions method (Forward difference) [15, 16, 22]. 
3. Computational model for surface temperature optimization 
The coupling of electromagnetism problem and heat transfer problem together with optimization algorithm for 
the purpose to obtain uniform temperature distribution on surface. For that reason has been created calculation code 
by program language Matlab. By this code, it is possible to calculate general two dimensional problems. 
Consider two dimensional problem of electromagnetic heating process of seven rectangular parallel inductors to 
steel plate specimen. Martensitic annealed stainless steel grade 420 is used as specimen material. The scope of the 
FE study is to build an optimization algorithm to optimize position of the inductors to get uniform temperature 
distribution on surface of steel specimen. Same input parameters used at the computational model are shown  
in Table 1.  
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           Table 1. Input parameters. 
Input parameters Value Unit 
Current 400 (A) 
Frequency 10000 (Hz) 
Heating time 30 (s) 
Size of inductors 0.005 u 0.01 (m) 
Initial temperature 293.15 (K) 
Length of the model in normal direction 1.0 (m) 
The optimized parameter is x position of seven inductors for first problem and y position of seven inductors for 
second problem. Optimization study runs by solution algorithm. The position of the first inductor x1 (y1) is fixed and 
the parameters x2 to x7 (y2 to y7) are optimized by function: 
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where Ti is a nodal temperature in all nodes at surface to inductors. Taverage is an average surface of the specimen 
given by: 
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where n is number of all nodes at specimen surface at the side of inductors. 
The Nelder Mead optimization algorithm was used on the optimization runs with defined boundary limits for 
optimized parameters (12). 
 
Fig. 1. Computational problem for optimization of inductors position in x and y direction, length is in (mm). 
The length of the model in “z” direction is 1000 mm. Free triangular mesh with finer mesh in the areas with the 
highest value gradients in observed areas was chosen. The linear 3-node elements are used for nodal values 
interpolation (13). 
At each optimization step, the numerical model is automatically remeshed by use of Delaunay meshing algorithm 
for optimized position parameters of the inductors. 
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Table 2 shows which material constants were used in FE studies. For the simplification, the constant material 
properties over the time were considered (14). The inductors were made of copper. The relative permeability value 
of stainless steel grade 420 used for specimen was chosen of 500 as a mean value between hardened and annealed 
condition. 
       Table 2. Material properties. 
Air Material density 1,293 (kg.m-3) 
Specific heat 1.01 103 (J.kg-1.K-1) 
Thermal conductivity 26.0 10-3 (W.m-1.K-1) 
Relative permeability 1.000 001 86 1 
Copper Material density 8930 (kg.m-3)  
Specific heat 340 (J.kg-1.K-1) 
Thermal conductivity 384 (W.m-1.K-1) 
Term resistance 1.7 10-8 (Ω.m) 
Relative permeability 0.999 99 1 
Steel Material density 7850 (kg.m-3) 
Specific heat 460 (J.kg-1.K-1) 
Thermal conductivity 28 (W.m-1.K-1) 
Term resistance 4.35 10-7 (Ω.m) 
Relative permeability 500 1 
4. Results 
The scope of the optimization model was to calculate resulting surface temperature as a function of optimized 
parameters for each optimization step. Fig. 2 shows the meshed computational model and resulting temperature 
distribution in (K) at the end of induction heating process at initial optimization configuration. Fig. 3 shows 
optimized computational model at the end induction heating process with optimized position of inductors in 
x-direction. Fig. 4 shows optimized computational model at the end induction heating process with optimized 
position of inductors in y-direction. 
 
Fig. 2. Computational model before optimization. 
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Fig. 3. Inductors after optimization at x position. 
 
Fig. 4. Inductors after optimization at y position. 
By comparing the Fig. 2, 3 and 4, it is possible to see how the geometrical position of inductors influences 
resulting temperature of induction heating process. From Fig. 3 and 4 it is possible to see that geometrically 
optimized parameters of inductors lead to uniform surface temperature required for many industrial processes. 
5. Conclusion 
In this article were applied equations of the electromagnetic and thermal field to solve problem of induction 
heating. The numerical simulation of induction heating process is shown as a coupling of electromagnetic and 
thermal problem leading to a system of thermal transient analysis by the explicit Euler method used in the time 
integration solutions. By the numerical solution of the electromagnetic and thermal problem it is possible to observe 
the effect of the individual variables related to electromagnetic induction as well as the resulting temperature or heat 
generated by the interaction of the surrounding environments for different time steps. The combination of numerical 
solution and geometrical optimization allows optimizing uniform surface temperature on heated specimen. 
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